ABSTRACT. We investigate the arrangement of hypersurfaces on a nonsingular varieties whose associated logarithmic vector bundle is arithmetically Cohen-Macaulay (for short, aCM), and prove that the projective space is the only smooth complete intersection with Picard rank one that admits an aCM logarithmic vector bundle. We also obtain a number of results on aCM logarithmic vector bundles over several specific varieties. As an opposite situation we investigate the Torelli-type problem that the logarithmic cohomology determines the arrangement.
INTRODUCTION
An arrangement D = {D 1 , . . . , D m } of smooth hypersurfaces with normal crossings on a non-singular variety X , gives rise to the logarithmic sheaf Ω 1 X (log D) of differential 1-forms with logarithmic poles along D. This sheaf turns out to be locally free and was originally introduced by Deligne in [4] to define a mixed Hodge structure on X −∪ m i =1 D i . In [16] Terao introduces the notion of freeness for an arrangement D of hyperplanes on a projective space P n , not necessarily with normal crossings: the arrangement D is free if the dual of its associated logarithmic vector bundle is a direct sum of line bundles. The conjecture in [13] states that the freeness of D depends only on the combinatorics of D, and it is widely open even in the case of P 2 ; refer to [13] for comprehensive understanding of this subject. In this paper we concentrate on a generalized notion of the freeness for arrangements of hypersurfaces over an arbitrary smooth projective variety. For a fixed polarization O X (1) on a nonsingular variety X , a coherent sheaf E supporting on X is called arithmetically Cohen-Macaulay (for short, aCM) if it has no intermediate cohomology, i.e. H i (E (t )) = 0 for all t ∈ Z and i = 1, . . . , dim X − 1. As its algebraic counterpart, over an aCM scheme X ⊂ P N , it is well known that there exists a bijection between aCM sheaves on X and maximal Cohen-Macaulay modules over its homogeneous coordinate ring. The famous Horrocks' theorem in [11] asserts that the only aCM vector bundle on P n is a direct sum of line bundles, and this motivates to define another notion for arrangements. We say that an arrangement D is of aCM type if its logarithmic vector bundle Ω 1 X (log D) is aCM with respect to O X (1) . Note that an arrangement D of hyperplanes on P n with normal crossings is of aCM type if and only if it is free. Note from the Hodge theory and the existence of a polarization on X that the empty arrangement is not of aCM type in any case. The main result of this paper is the following.
Note that the assertion in Theorem 1.1 is not true in general due to counterexamples such as Fermat quartics in P 3 ; see Proposition 3.9 and Remark 3.10. As an automatic consequence, the only smooth complete intersection of dimension at least two with Picard rank one, which admits an arrangement of aCM type, is the projective space. For a general smooth variety with Picard rank one, we get non-existence of arrangements of aCM type with respect to an ample line bundle with enough global sections; see Proposition 2.13. While we also get non-existence results on surfaces of general type and abelian surfaces in Propositions 4.3 and 4.4, there are plenty of examples of projective varieties with arrangements of aCM type, specially with higher Picard rank, e.g. the blow-up of P 2 at two points as in Proposition 4.5. On the other hand, it is natural to consider the same vanishing condition for cohomology of logarithmic tangent bundle T X (− log D), which is the dual of Ω 1 X (log D), in which case we call the arrangement of T -aCM type. From the definition, the notion of T -aCM is equivalent to the notion of aCM if the canonical sheaf is a multiple of the ample line bundle, i.e. X is subcanonical. In case when X is not subcanonical, one can expect new arrangements of T -aCM type, even the trivial one. In the end of Section 4 we collect a number of results on arrangements of T -aCM type on Hirzebruch surfaces.
In Section 5 we investigate the graded module
X (log D)(t )) associated to the logarithmic vector bundle of D for each i = 1, . . . , dim X − 1, called the deficiency module of degree i associated to D. The module H i * (D) is trivial for D of aCM type. One can also adapt the standard notion of 1-Buchsbaum to H i * (D) as a weaker notion than aCM to produce a less simple deficiency module. In this section we obtain a number of Torelli-type results that the deficiency modules determine the arrangements on abelian varieties, K3 surfaces and Enriques surfaces.
PRELIMINARIES
Throughout this article, we work over the field of complex numbers C. Let X ⊂ P N be a smooth projective variety of dimension n ≥ 2 with a very ample line bundle O X (1). For a coherent sheaf E on X and i ∈ Z, we set If D has simple normal crossings, its logarithmic sheaf is known to be locally free and so it can be called to be the logarithmic bundle. It admits the residue exact sequence Remark 2.5. Denoting the tangent bundle of X by T X , the dual of a logarithmic bundle Ω 1 X (log D) is the sheaf of logarithmic vector fields along D, denoted by T X (− log D); see [6] . It admits the exact sequence
In case when X is subcanonical, i.e. ω X ∼ = O X (t ) for some t ∈ Z, by Serre's duality T X (− log D) is aCM if and only if Ω 1 X (log D) is aCM. If this is the case, we have
Note that the line bundle O D i (D i ) is the normal bundle of D i in X , and that the vector space H 0 (T X ) is the tangent space at the identity of the functor Aut(X ); see [3, page 60] . For example, Aut(X ) is countable if and only if h 0 (T X ) = 0. In particular, we have h 0 (T X ) = 0 if X is of general type. Now assume n = 2; in most cases there exists a non-trivial global vector field on X , while the vanishing condition h 0 (T X ) = 0 would provide a strong restriction on the divisors D i 's. In this article we obtain several partial results on the (non)existence of (T -)aCM arrangement of hypersurfaces over surfaces with h 0 (T X ) = 0, which include the following:
(i) X is of general type; (ii) the minimal model of X is a K3 surface or an Enriques surface; (iii) most surface with κ(X ) = 1 and κ(X ) = −∞; (iv) X is obtained by blowing up a Del Pezzo surface X of dgree four at finitely many points.
Note that the last class contains the smooth cubic surfaces in P 
The logarithmic bundles of hyperplane arrangements on projective spaces have already been investigated by many authors and below we state some results of them. Conventionally, we will denote the hyperplane arrangement on P n by H . Theorem 2.9. [8] Let H = {H 1 , · · · , H m } be a hyperplane arrangement on P n . Then we have [8, Theorem 3.5] . In particular, we have h 
In particular, with respect to O P 2 (2), the trivial arrangement D = is T -aCM, but not aCM.
Remark 2.12.
Assume that X is a smooth projective surface. By the Hodge theory and Serre's duality,
(X ). Now assume moreover that q(X ) = 0, and then we have p a (D i ) = 0 for each i , i.e. each D i is a rational curve. On the other hand, by the Hodge theory we also have h
(X ). In particular, we get 
Thus the exact sequence (2) gives that D is not of aCM type. 
Proof. Note that the restriction map H
is surjective, and thus there existsD i ∈ |O P N (a i )| with D i =D i ∩X for each i . Now fix a subset J ⊆ {1, . . . , m}, and then we get (
Assume ∩ i ∈J D i = and take a point q ∈ ∩ i ∈J D i . Since D has simple normal crossings, we have |J | ≤ n and ∩ i ∈J D i is smooth of dimension n − |J | at q. Note also that every irreducible component of (∩ i ∈JDi ) has dimension at least N − |J |. Since X is a complete intersection, each irreducible component of (∩ i ∈JDi ) ∩ X has dimension at least n − |J |. Since the reduction of (∩ i ∈JDi ) ∩ X is smooth at q with dimension n − |J |, the scheme (∩ i ∈JDi ) ∩ X is locally a complete intersection at q.
Thus it is sufficient to find suitable divisorsD 1 Proof.
, we have the following
, from the long exact sequence of cohomology associated to (4) we get
) for all i = 1, . . . , n − 2, and an exact sequence (6) 0
We also have an exact sequence
. Then from (7) we get H i * (Ω 1 P n+1 (logD) |X ) = 0 for any i = 1, . . . , n − 1. Now the twist of (6) by O X (t ) becomes the following
, where the map η is the dual of the map H 
and this implies
Then by (7) we get H n−1 (1) . This implies that X is also subcanonical with O X aCM with respect to O X (1). Then by the same argument in the proof of Proposition 3.2 we get that no arrangement D on X , associated to an arrangementD is of aCM type. For example, in the case whenD is of aCM type on Y , the map η 
Thus from the twist of (1) we get h
) by Serre's duality and so we get a + b ≤ 1. In particular, each D i is a line. (1) ). Let C ∈ |O X (1)| be a smooth plane section. Since det(T X (1)) ∼ = O X (3), the restriction T X (1) |C is a vector bundle of rank two on C with degree 9. Since C is an elliptic curve, we get χ(T X (1) |C ) = 9 by Riemann-Roch. Then the exact sequence
gives χ(T X (1)) = 9 and so h 0 (T X (1)) = 9. On the other hand, from the restriction of Euler's exact sequence we get h
be a smooth complete intersection of two quadric hypersurfaces, which can be also obtained by blow-up P 2 at five points such that no three of them are collinear; see [5] . Then we have an exact sequence 
Finally, by combining Corollary 3.4, Remark 3.5, Remark 3.6 and Proposition 3.7, we obtain the assertions in Theorem 1.1. 
Proof of Theorem 1.1: It remains to consider the case
X and so we get part (ii) from part (i) and Serre's duality. . Over Z it was done in [12] , as quoted in [14] . Since ω X ∼ = O X for a K3 surface X , the arrangement D in Proposition 3.9 is also T -aCM.
SURFACES
In this section we always assume that X is a smooth projective surface. 
In particular, if g i = 1, we have h
Assume now that X is a Del Pezzo surface with h 0 (T X ) = 0, i.e. X is the blow-up of P 
Proposition 4.3. Let X be a smooth surface of general type whose minimal model contains no curve with geometric genus at most q(X ). Then no arrangement on X is of aCM type.
Proof. Let D = {D 1 , . . . , D m } be an arrangement of aCM type on X . By Remark 2.12 we have
Let π : X →X be the map to the minimal modelX . By assumption the only curves of X with geometric genus at most q(X ) are the smooth rational curves contracted by π. In particular, each D i is rational and contracted by π. Define
Then the restriction of the intersection form of X to Γ is negative definite and so Γ must be a proper subset of Num(X ) ⊗ C, contradicting Remark 2.12. 
From Riemann-Roch and χ(O X ) = 1, we get
Note that we have h (T X (− log D)(t )) = 0 for all t ≥ 0 by the Castelnuovo-Mumford regularity lemma. Now assume that t < 0 and set t ′ = −t ≥ 1; by Serre's duality we have
From the vanishing h 1 (O D i (t ′ − 1)) = 0 for each i , we get an exact sequence (Ω 1 X ) so that the coboundary map δ is an isomorphism. Although the trivial arrangement is never of aCM type by Remark 2.4, it is still possible for the trivial arrangement is of T -aCM type. Below we study the arrangement of (T )-aCM type on Hirzebruch surfaces.
Let F e with e ≥ 0 be the Hirzebruch surface with minimal self-intersection section h of its ruling π :
with h 2 = −e. The surface F 1 is isomorphic to the blowing up of P 2 at one point and so h 0 (T F 1 ) = 6. We have F 0 ∼ = P 1 × P 1 with h 0 (T F 0 ) = 6. Note that F 0 and F 1 are the del Pezzo surfaces of degree 8. We can also interpret the Hirzebruch surfaces as F e = P(O P 1 ⊕ O P 1 (−e)) and this implies h
For e > 0 we have
recall that for every smooth projective variety X , the set of the global vector fields H 0 (T X ) is the tangent space at the identity of the functor of all automorphisms of X , and hence we have h 0 (T X ) = dim Aut(X ); see [3, page 60] We also have Pic(F e ) ∼ = Z ⊕2 ∼ = Z〈h, f 〉, where f is a fiber of a ruling of F e for which h is a section; we have Since the ruling π :
is a submersion, it induces a surjective map π * :
Remark 4.6. From (11) and its dual, we may compute all twisted cohomology groups of T F e and Ω 
Remark 4.9. If D is a smooth rational curve on F e , say D ∈ |O F e (ah + b f )|, then we get −2 = D 2 + ω X · D, and so (a − 1)(ae − 2b + 2) = 0. Thus we get one of the following: 
from which we may compute h
Since D is irreducible, we have q ≥ pe. This implies that
In fact, we get h
If e = 1, we get the following computation
so that we may assume that p ≤ 2; in case p = 2, q is at most two and so D is in |O F 1 (2h + 2 f )|. Now take p = 1 and assume q ≥ e. Then we have
and so we get q ∈ {e, e + 1, e + 2}. Now the assertion follows from Remark 4.9. 
obtained from (2) 
Lemma 4.14. For any polarization
(t )) = 0 from the dual of (11) . Now assume t < 0. Then by Serre's duality and Remark 4.7 we have
from (11) . Proof. For a fixed integer t ≥ 0, we have h
On the other hand, we have h 
. Since ψ is a birational morphism, the natural pull-back map of regular 1-forms induces an injection ψ
Since ψ is birational and
is locally free, we get that the map H
) is injective. Thus the following injective composite
by Bott's formula. On the other hand, the following long exact sequence of cohomology, obtained from the twisted dual of (11), for each i = 1, . . . , n −1, which is a module over the ring S = S X := ⊕ t ≥0 H 0 (O X (t )); it is called the deficiency module of degree i associated to D. Set S t = S X ,t := H 0 (O X (t )). In this section we show that in some interesting cases these modules uniquely determine D, which is a Torelli-type problem. Similarly we may also define T -deficiency module to be H i * (D , we set D = {D 1 , . . . , D m } an arrangement on X . To define the deficiency modules of D, we need to fix an ample line bundle O X (1) on X . We have O X (1) ∼ = π * O P n (e 0 )(−e 1 E 1 − · · · − e s E s ) with e 1 ≥ . . . ≥ e s > 0. Note that not every choice of (e 0 , . . . , e s ) gives an ample line bundle, e.g. we need e 0 > e i for each i ≥ 1. Now assume s ≥ 2. Consider the line L containing {p 1 , p 2 } and its strict transform L. Then we get deg(O L (1)) ≤ e 0 − e 1 − e 2 with equality if and only if p i ∈ L for all i > 2. Since deg(O L (1)) is also positive, we get e 0 > e 1 + e 2 . For the same reason, if s ≥ 3 and {p i , p j , p h } are collinear with |{i , j , k}| = 3, then we get e 0 > e i + e j + e k . In case n = 2 and s ≥ 5 we get 2e 0 > e 1 + e 2 + e 3 + e 4 + e 5 , because any five points of the plane are contained in a conic. 
